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Abstract
It is shown how to transform the three dimensional BTZ black hole
into a four dimensional cylindrical black hole (i.e., black string) in
general relativity. This process is identical to the transformation of a
point particle in three dimensions into a straight cosmic string in four
dimensions.
PACS numbers: 04.40.Nr, 04.20.Cv.
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1. Introduction
Black holes were predicted within four dimensional general relativity as
objects emerging from complete gravitational collapse of massive objects,
such as stars [1]. They have also appeared as exact solutions of several grav-
ity theories in two, three, four and higher dimensions. String theory has
provided a great variety of black hole solutions as well as extended black ob-
jects such as black strings and black membranes [2]. The study of black holes
in dimensions lower than four has proved fruitful for a better understanding
of some physical features in a black hole geometry.
Recently, it has been shown [3] that three dimensional (3D) general rel-
ativity with a negative cosmological constant admits a black hole solution
with constant curvature, the BTZ black hole. This black hole has mass and
angular momentum. It has many features similar to the Kerr black holes
in four dimensional (4D) general relativity. It is interesting, as well as im-
portant, to formulate other theories for the same solution. For instance, the
BTZ is also a solution to string theory in three dimensions [4]. Our aim in
this paper is to show that the BTZ black hole is also a black hole solution of
cylindrical general relativity.
2. From 3D to 4D General Relativity
In order to set the nomenclature we write the action in D dimensions as
S(D) = S(D)g + S
(D)
matter, (1)
where D = 3, 4. S(D)g is the gravitational Einstein-Hilbert action (G = c =
1),
S(D)g =
1
16π
∫
dDx
√
−g(D)(R(D) − 2Λ), (2)
where g(D) is the determinant of the metric, R(D) is the Ricci scalar and Λ
is the cosmological constant. The matter action can be written as
S(D)matter =
∫
dDx
√
−g(D)L(D)matter, (3)
where L(D)matter is the Lagrangian for the matter. Variation of (1) with
respect to g(D)ab yields the equations of motion,
G(D)ab + Λg
(D)
ab = 8πT
(D)
ab, (4)
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where G(D)ab is the Einstein tensor and T
(D)
ab is the energy-momentum ten-
sor, defined by T (D)
ab
= 2√
−g(D)
δ(
√
−g(D)L(D)matter)
δg(D)ab
.
Now, in 3D we write the metric in the form,
ds(3)
2
= g(3)abdx
adxb. (5)
In addition, in 3D the Riemann tensor can be written as
R(3)
ab
cd = ǫ
abeǫcdfG
(3)f
e. (6)
Thus, from equation (4), for a source free region (T (3)ab = 0) one has a space
of constant curvature. If one further sets Λ = 0, one has flat spacetime.
Now, we want to relate general relativity in 3D with general relativity in
4D, in such a way that a solution in 3D is also a solution in 4D. This can be
achieved by setting the 4D metric as,
ds(3)
2
= g(3)abdx
adxb + dz2, (7)
where z is a Killing direction in the 4D spacetime. Then, the determinants
of the metric are the same g(4) = g(3), the Ricci scalars are also the same,
R(4) = R(3) and through dimensional reduction one obtains 3D from 4D
general relativity. Thus, having found a 3D solution one can now find the
corresponding 4D solution by choosing an apropriated energy-momentum
tensor in 4D. In the next section we will do this for the well known example
of 3D point particles and 4D cosmic strings. Afterwards we will find the 4D
counterpart of the 3D BTZ black hole.
3. The example of 3D point particles and 4D cosmic strings
For a point particle with mass m and spin s in 3D (with cartesian coor-
dinates (t, x, y)) the energy-momentum tensor can be written as,
T (3)
0
0 = mδ(x)δ(y), (8)
T (3)
i
0 = sǫ
ij∂jδ(x)δ(y), (9)
T (3)
i
j = 0, (10)
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where i, j = x, y. Then by integrating Einstein’s equations (with Λ = 0) one
finds the following metric [5],
ds(3)
2
= −dt2 − 8sdtdϕ+ dr2 + r2(1− 4m)2dϕ2,
−∞ < t <∞, 0 ≤ r <∞, 0 ≤ ϕ < 2π, (11)
where (r, ϕ) are the polar coordinates associated to (x, y). There are two
Killing vectors, ∂
∂t
and ∂
∂ϕ
, and the full symmetry group of this spacetime is
R×SO(2) [6]. By the cordinate transformation t = t−4sϕ and ϕ = (1−4m)ϕ
one obtains a flat spacetime,
ds(3)
2
= −dt2 + dr2 + r2dϕ2, (12)
but now with the obligatory identifications (t, r, ϕ) = (t+ 8πs, r, ϕ+ 2π(1−
4m)), which mean space is conical and time is helical.
Now, from equations (5) and (7) we can put metric (11) in the 4D form,
ds(3)
2
= −dt2 − 8sdtdϕ+ dr2 + r2(1− 4m)2dϕ2 + dz2, (13)
with −∞ < z <∞. In 4D, Einstein’s equations for metric (13) can be split
into
G(3)ab = 8πT
(3)
ab (14)
G(3)zz = 8πT
(3)
zz (15)
and the cross equation G(3)az is identically satisfied. Then, from equation (4)
we can deduce,
G(4) = −R(4) = −R(3) = 8πT (4), (16)
where G(4) is the trace of the Einstein tensor in 4D, etc. From (14) and
(8)–(10) we also deduce
R(3) = −16πT (3) = −16πT (3)00. (17)
But T (4) = T (3) + T (3)
z
z = T
(3)0
0 + T
(3)z
z. Then from (16) and (17) and the
fact that T (4)
0
0 = T
(3)0
0 we obtain,
T (4)
z
z = T
(4)0
0. (18)
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Therefore, metric (13) is a solution of 4D general relativity if the energy-
momentum tensor is given by,
T (4)
0
0 = mδ(x)δ(y), (19)
T (4)
i
0 = sǫ
ij∂jδ(x)δ(y), (20)
T (4)
z
z = mδ(x)δ(y), (21)
with i, j = x, y and the other components are zero. This is the energy-
momentum tensor of a straight cosmic string [7]. But now m and s are
the mass per unit length and the angular momentum per unit length of the
string, respectively. There are three Killing vectors, ∂
∂t
, ∂
∂ϕ
and ∂
∂z
, and the
full symmetry group of this spacetime is R2 × SO(2).
4. The 3D BTZ Black Hole and the Black String in 4D
The 3D BTZ black hole appears as a solution of Einstein’s gravity with
a negative cosmological term, α2 ≡ −Λ > 0, and T (3)ab = 0. The metric is
given by [3, 8],
ds(3)
2
= −(α2r2 − 8M)dt2 − 8Jdtdϕ+ dr
2
α2r2 − 8M + 16J2
r2
+ r2dϕ2, (22)
where M and J are the mass and angular momentum of the black hole.
(Note that the normalization for M and J is different from [3]. We are
using G = 1, instead of G = 1
8
). This solution has constant curvature and
appears through identification of points in the anti-de Sitter spacetime. The
asymptotic symmetry group is the conformal group in two dimensions wich
has the anti-de Sitter group SO(2, 2) as a subgroup [6, 8].
We note that the cosmological term in Einstein’s equations (i.e., Λg(3)ab in
equation (4)) can be regarded, if one wishes, as an energy-momentum tensor
for a perfect fluid [9]. Indeed, if we write
T (3)ab = (ρ+ p)uaub + pgab, (23)
where ρ is the energy-density and p is the pressure, and set
8πρ = −8πp = −α2, (24)
5
we obtain the cosmological term. In this description the cosmological term
does not appear explicitly in Einstein’s equations (4), which are then given
by, G(3)ab = 8πT
(3)
ab, with T
(3)
ab given by equations (23) and (24). This fluid
obeys the strong but not the weak energy condition since its energy-density
is negative [12].
Now we want to translate the above black hole solution (22) into a solution
of 4D general relativity. Then using (7) we have
ds(4)
2
= −(α2r2−8M)dt2−8Jdtdϕ+ dr
2
α2r2 − 8M + 16J2
r2
+r2dϕ2+dz2. (25)
Using the formalism of Brown and York [10] we find that M and J are
now the mass per unit length and the angular momentum per unit length,
respectively, of the black string solution given in (25) (for an analysis of a
more general case see [11]).
To know what is the stress-energy tensor for this solution we take the
trace of (4) to find
−R(4) + 4Λ = 8πT (4). (26)
But,
R(4) = R(3) = 6Λ = −6α2. (27)
Then from (26) and (27) we obtain,
8πT (4) = −2Λ = 2α2. (28)
Since here T (3)ab = 0, we are left with
8πT (4)
z
z = 2α
2, (29)
and the other components are equal to zero. One can see this fluid as one
having pressure in the z direction alone, and no energy-density. Such a fluid
also obeys the strong but not the weak energy condition.
However, in view of the fact that the cosmological term can be regarded
as a perfect fluid, we can also switch the 4D description into a fluid with the
following components,
8πT (4)
0
0 = −8πρ = α2, (30)
8πT (4)
r
r = 8πp = α
2, (31)
6
8πT (4)
ϕ
ϕ = 8πp = α
2, (32)
8πT (4)
z
z = 8πpzz = 3α
2. (33)
As in the 3D case, in this description, the cosmological term in Einstein’s
equations (4), does not appear explicitly. Metric (25) is thus a solution of
Einstein’s field equations, G(4)ab = 8πT
(4)
ab, with T
(4)
ab given in equations
(30)-(33). Again, this fluid obeys the strong but not the weak energy condi-
tion. It is a fluid with anisotropic pressures.
Thus, the BTZ black hole can be translated into a black string (or cylin-
drical black hole) in 4D general relativity. All the features appearing in 3D,
such as 3D collapse [13] and 3D stars [14] can be translated into 4D cylin-
drical general relativity. The asymptotic symmetry group is R times the
conformal group in two dimensions of which R× SO(2, 2) is a subgroup.
5. Conclusions
It is remarkable that one can connect solutions in theories with differ-
ent dimensions. Here, we have connected 3D and 4D general relativity by
an apropriate choice of metric and energy-momentum tensor in 4D. Such a
type of connection can also be found from other 3D theories to 4D general
relativity [15, 11] as well as from 2D theories to 4D general relativity [16, 17].
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